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Abstract
This paper presents a backward three-term recurrence relation, which is a solution of an open problem in Graves-Morris
(Numer. Math. 42 (1983) 331). By means of this relation, we succeed in establishing some conclusions about the two
backward successive convergents of vector valued continued fractions. Moreover, an expression for the vector valued
continued fraction in series form is obtained and some theorems of the convergence of the vector valued continued
fraction are proved by virtue of the recurrence relation. c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
Suppose we have a terminating or nonterminating vector valued continued fraction
b0 +
a0 |
| b1 +
a1 |
| b2 + · · ·+
an−1 |
| bn (1.1)
with ai ∈C; bi ∈Cm; where m∈N .
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Denition 1. The fraction
Rk = b0 +
a0 |
| b1 +
a1 |
| b2 + · · ·+
ak−1 |
| bk (1.2)
with k =0; 1; 2; : : : ; where k6 n; is called the kth forward convergent of the vector valued continued
fraction (1.1).
Denition 2. The fraction
Rkn = bk +
ak |
| bk+1 +
ak+1 |
| bk+2 + · · ·+
an−1 |
| bn (1.3)
with k =0; 1; 2; : : : ; where k6 n; is named the kth backward convergent of the vector valued con-
tinued fraction (1.1).
The above evaluation process is based on the use of the Samelson inverse for vectors:
b−1 = b∗=‖b‖2;
where b∗ denotes the complex conjugate of the vector b and ‖b‖ is the length of b.
Denition 3. The fraction
b0 +
1 |
| b1 +
1 |
| b2 + · · ·+
1 |
| bn (1.4)
is termed a simple (or standard) vector valued continued fraction.
In the scalar case, there exists the following famous three-term recurrence relation.
Theorem 1 (Jones and Thron [1]). The numbers Pk; Qk (k =−1; 0; 1; 2; : : :) are determined from the
relations
Pk = bkPk−1 + ak−1Pk−2; (1.5)
Qk= bkQk−1 + ak−1Qk−2; (1.6)
where
P−1 = 1; Q−1 = 0; P0 = b0; Q0 = 1; (1.7)
then we have
Pk
Qk
= b0 +
a0 |
| b1 +
a1 |
| b2 + · · ·+
ak−1 |
| bk :
It is well known that the relations (1.5)–(1.7) are the important conclusion and they have wide
applications in the theory of the continued fraction.
For the vector valued continued fraction, Graves-Morris left many problems open in [3], one of
them is whether the three-term relation can be generalised in a practical way to the vector case. In
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Section 2 of this paper, we construct a practical so-called backward three-term recurrence relation for
the vector valued continued fraction (1.1). In Section 3, we succeed in establishing some conclusions
about the two backward successive convergents of the vector valued continued fraction. Moreover, in
Section 4, an expression for the vector valued continued fraction in series form is obtained. Finally,
some theorems of the convergence of the vector valued continued fraction are proved by virtue of
the recurrence relation.
2. Backward three-term recurrence relations
For any positive integer n, let
pnn= bn; q
n
n=1; q
n−1
n = ‖bn‖2; (n=1; 2; : : :); (2.1)
pin= biq
i
n + aip
i+1∗
n (i= n− 1; : : : ; 0); (2.2)
qin= ‖bi+1‖2qi+1n + 2Re(a∗i+1bi+1pi+2n ) + |ai+1|2qi+2n ; (i= n− 2; : : : ; 1; 0) (2.3)
then (2.1)–(2.3) is called backward three-term recurrence relation. On the basis of relations (2.1)–
(2.3), we can prove the following theorem.
Theorem 2. The pkn; q
k
n (k =0; 1; : : : ; n) are determined from relations (2:1) to (2:3); then we have
(1) ‖pkn‖2 = qknqk−1n (k = n; n− 1; : : : ; 1); (2.4)
(2) Rkn =
pkn
qkn
= bk +
ak |
| bk+1 +
ak+1 |
| bk+2 + · · ·+
an−1 |
| bn (k = n; n− 1; : : : ; 1; 0); (2.5)
(3) qkn ∈R; with qkn¿ 0 (n=0; 1; : : : ; k = n; n− 1; : : : ; 1; 0): (2.6)
Proof. We carry out the proof by the method of mathematical induction.
(1) When i= n; equality (2.4) is immediate from relation (2.1).
Now, let formula (2.4) be true for all natural numbers k not exceeding n; we will show that the
Krst assertion of the theorem also holds true for natural number k − 1.
From (2.2), (2.3) and by the induction hypothesis, we obtain
‖pk−1n ‖2 = (bk−1qk−1n + ak−1pk∗n )(b∗k−1qk−1n + a∗k−1pkn)
= qk−1n (‖bk−1‖2qk−1n + 2Re(a∗k−1bk−1pkn) + |ak−1|2qkn)= qk−1n qk−2n ;
which completes the proof of the relation (2.4).
(2) when i= n; from (2.1), formula (2.5) is obviously true. When i= n − 1; for the convergent
Rn−1n ; we have
Rn−1n = bn−1 +
an−1
bn
=
‖bn‖2bn−1 + an−1b∗n
‖bn‖2 :
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On the other hand, from relations (2.1) and (2.2), we get
pn−1n = ‖bn‖2bn−1 + an−1b∗n ; (2.7)
qn−1n = ‖bn‖2: (2.8)
From (2.7) and (2.8), formula (2.5) is also true, hence, for i= n; n− 1; the second assertion of the
theorem holds.
Now, let statement (2) of Theorem 2 be true for i= k; then when i= k − 1; from (2.2), (2.4) and
by the induction hypothesis, we have
pk−1n
qk−1n
=
bk−1qk−1n + ak−1pk∗n
qk−1n
= bk−1 +
ak−1pk∗n
qk−1n
= bk−1 +
ak−1‖pkn‖2
qk−1n pkn
= bk−1 +
ak−1
pkn=qkn
= bk−1 +
ak−1 |
| bk +
ak |
| bk+1 · · ·+
an−1 |
| bn ;
which completes the proof of the relation (2.5).
(3) From the relation (2.3), obviously, for any k6 n; qkn is scalar, and it follows that
qkn = ‖bk+1‖2qk+1n + 2Re(a∗k+1bk+1pk+2n ) + |ak+1|2qk+2n
¿ ‖bk+1‖2qk+1n − |a∗k+1bk+1pk+2n + ak+1b∗k+1pk+2∗n |+ |ak+1|2qk+2n
¿ ‖bk+1‖2qk+1n − 2|ak+1| ‖bk+1‖ ‖pk+2n ‖+ |ak+1|2qk+2n
= (‖bk+1‖
√
qk+1n − |ak+1|
√
qk+2n )
2¿ 0;
which proves (2.6).
Note. The following Scheme 1 is convenient for Knding the terms of backward successive conver-
gents from formulae (2.1) to (2.3).
Scheme 1
k = n; : : : ; 1; 0 n n− 1 n− 2 · · · 0
ak an−1 an−2 · · · a0
bk bn bn−1 bn−2 · · · b0
pkn p
n
n p
n−1
n p
n−2
n · · · p0n
qkn q
n
n q
n−1
n q
n−2
n · · · q0n
Example 1. Compute the value of the vector valued continued fraction
R02 =
(
7
5
;
−1
5
; 0
)
=(0; 0; 0) +
2 |
| (1;−1;−1) +
1 |
| ( 29 ; 49 ; 59)
:
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Solution. Using the Scheme 1, we obtain the following table
k = n; : : : ; 1; 0 2 1 0
ak 1 2
bk
(
2
9 ;
4
9 ;
5
9
)
(1;−1;−1) (0; 0; 0)
pkn
(
2
9 ;
4
9 ;
5
9
) (
7
9 ;− 19 ; 0
) (
14
9 ;− 29 ; 0
)
qkn 1
5
9
10
9
thus
R02 = p
0
2=q
0
2 =
(
14
9 ;− 29 ; 0
)
= 109 =
(
7
5 ;
−1
5 ; 0
)
:
Note. In the general case, it is clear that the ‖pkn‖=qkn can be reduced. In fact, we have the following
conclusion.
Corollary 1. Using the same notation as that in Theorem 2; if qkn =0 (k = n; n− 1; : : : ; 0); we have
‖pkn‖=qkn =
√
qk−1n =
√
qkn:
Proof. The proof here is immediate from the relation (2.4).
3. Convergence formulae
Before we discuss the convergence formulae, we need to prove a lemma Krst.
Lemma 1. Let k = ‖ak(pk+1n+1qkn − pk+1n qkn+1)‖ and ˜k = |ak | ‖pk+1n+1‖ ‖pk+1n ‖ ‖pk+1n =qk+1n − pk+1n+1=qk+1n+1‖;
then we have
k = ˜k (k =0; 1; : : : ; n):
Proof.
2k = |ak |2(pk+1n+1qkn − pk+1n qkn+1)(pk+1∗n+1 qkn − pk+1∗n qkn+1)
= |ak |2(‖pk+1n+1‖2(qkn)2 − 2Re(pk+1n+1pk+1∗n )qknqkn+1 + ‖pk+1n ‖2(qkn+1)2);
˜
2
k = |ak |2‖pk+1n+1‖2‖pk+1n ‖2‖pk+1n =qk+1n − pk+1n+1=qk+1n+1‖2
= |ak |2‖pk+1n+1‖2‖pk+1n ‖2(pk+1n =qk+1n − pk+1n+1=qk+1n+1)(pk+1∗n =qk+1n − pk+1∗n+1 =qk+1n+1)
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= |ak |2‖pk+1n+1‖2‖pk+1n ‖2
(
‖pk+1n ‖2
(qk+1n )2
− 2Re(p
k+1
n+1p
k+1∗
n )
qk+1n q
k+1
n+1
+
‖pk+1n+1‖2
(qk+1n+1)2
)
= |ak |2
(
‖pk+1n+1‖2
‖pk+1n ‖4
(qk+1n )2
− 2Re(p
k+1
n+1p
k+1∗
n )‖pk+1n+1‖2‖pk+1n ‖2
qk+1n q
k+1
n+1
+ ‖pk+1n ‖2
‖pk+1n+1‖4
(qk+1n+1)2
)
:
By taking into account relation (2.4), we get
˜
2
k = |ak |2(‖pk+1n+1‖2(qkn)2 − 2Re(pk+1n+1pk+1∗n )qknqkn+1 + ‖pk+1n ‖2(qkn+1)2)=2k ;
which completes the proof.
Theorem 3. The formula∥∥∥∥pkn+1qkn+1 −
pkn
qkn
∥∥∥∥= |ak | · · · |an|√
qkn
√
qkn+1
(06 k6 n; n=0; 1; : : :) (3.1)
holds true for two backward convergents pkn+1=q
k
n+1 and p
k
n=q
k
n of the vector valued continued fraction
(1:1). In particular; the formula∥∥∥∥p0n+1q0n+1 −
p0n
q0n
∥∥∥∥= |a0| · · · |an|√
q0n
√
q0n+1
(n=0; 1; : : :) (3.2)
holds true for two successive backward convergents p0n+1=q
0
n+1 and p
0
n=q
0
n of the vector valued con-
tinued fraction (1:1).
Proof. We have∥∥∥∥pkn+1qkn+1 −
pkn
qkn
∥∥∥∥= kqknqkn+1 ; (3.3)
where
k = ‖qknpkn+1 − qkn+1pkn‖:
Using relation (2.2), we get
k = ‖(bkqkn+1 + akpk+1∗n+1 )qkn − (bkqkn + akpk+1∗n )qkn+1‖
= ‖ak(pk+1∗n+1 qkn − pk+1∗n qkn+1)‖= ‖ak(pk+1n+1qkn − pk+1n qkn+1)‖:
By means of Lemma 1, we can write
k = |ak | ‖pk+1n+1‖ ‖pk+1n ‖ ‖pk+1n =qk+1n − pk+1n+1=qk+1n+1‖
=
|ak | ‖pk+1n+1‖ ‖pk+1n ‖
qk+1n q
k+1
n+1
k+1:
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From this we obtain
k =
|ak | ‖pk+1n+1‖ ‖pk+1n ‖
qk+1n q
k+1
n+1
k+1 = · · ·
=
|ak | · · · |an−1|(‖pk+1n ‖ · · · ‖pnn‖)(‖pk+1n+1‖ · · · ‖pnn+1‖)
(qk+1n · · · qnn)(qk+1n+1 · · · qnn+1)
n;
where
n= ‖qnnpnn+1 − pnnqnn+1‖= ‖bnqnn+1 + anpn+1∗n+1 − bnqnn+1‖= |an‖|pn+1n+1‖:
Thus, by taking into account Corollary 1:
k =
|ak | · · · |an|(‖pk+1n ‖ · · · ‖pnn‖)(‖pk+1n+1‖ · · · ‖pn+1n+1‖)
(qk+1n · · · qnn)(qk+1n+1 · · · qn+1n+1)
= |ak | · · · |an|
√
qkn
√
qkn+1:
Consequently, on the basis of formula (3.3), we conclude that∥∥∥∥pkn+1qkn+1 −
pkn
qkn
∥∥∥∥= |ak | · · · |an|√
qkn
√
qkn+1
and hence equality (3.1) is proved.
An argument similar to that given in Theorem 3 can now be employed to derive the following
conclusion.
Theorem 4. The formula∥∥∥∥pkn+2qkn+2 −
pkn
qkn
∥∥∥∥= |ak | · · · |an‖|bn+2‖√
qkn
√
qkn+2
(06 k6 n; n=0; 1; : : :) (3.4)
holds true for two successive backward convergents pkn+2=q
k
n+2 and p
k
n=q
k
n of the vector valued con-
tinued fraction (1:1). In particular; the formula∥∥∥∥p0n+2q0n+2 −
p0n
q0n
∥∥∥∥= |a0| · · · |an‖|bn+2‖√
q0n
√
q0n+2
(n=0; 1; : : :) (3.5)
holds true for two successive backward convergents p0n+2=q
0
n+2 and p
0
n=q
0
n of the vector valued con-
tinued fraction (1:1).
4. Convergence
In this section, we will show that relations (2.1)–(2.3) have a wide application in the conver-
gence of the vector valued continued fraction. By virtue of Theorem 2, we obviously have the
following theorem:
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Theorem 5. Let
Rn= b0 +
a0 |
| b1 +
a1 |
| b2 + · · ·+
an−1 |
| bn
then we have
Rn=
n∑
i=0
Ain;
where
A0n = b0; A
2k
n =(b2kq
2k
n a0a
∗
1a2 : : : a2k−2a
∗
2k−1)=q
0
n (16 2k6 n);
A2k−1n =(b
∗
2k−1q
2k−1
n a0a
∗
1a2 : : : a
∗
2k−3a2k−2)=q
0
n (16 2k − 16 n):
In particular, Akn =(bkq
k
n
∏k−1
i=0 ai)=q
0
n (16 k6 n) if ai ∈R; bi ∈Rm.
Proof. On the basis of Theorem 2, by using equality (2.2) repeatedly and noting that qnn=1, we
have
Rn =
p0n
q0n
=
b0q0n + a0p
1∗
n
q0n
=
b0q0n + a0b
∗
1q
1
n + a0a
∗
1p
2
n
q0n
= · · ·
=
b0q0n + a0b
∗
1q
1
n + a0a
∗
1b2q
2
n + a0a
∗
1a2b
∗
3q
3
n + · · ·
q0n
=
n∑
k=0
Akn;
which completes the proof.
Denition 4. A nonterminating vector valued continued fraction (1.1) is called convergent if the
sequence of vectors is convergent, that is
Q= lim
n→∞
p0n
q0n
(4.1)
and the vector Q is taken as the value of the vector valued continued fraction. But if no limit
(4.1) exists, then vector valued continued fraction (1.1) is termed divergent and no vector value is
assigned to it.
Lemma 2. If ai ∈C; bi ∈Cm and the inequalities
1 +
√
|ai|6
√
‖bi‖ (i=0; 1; 2; : : :) (4.2)
hold true; then we have
qkn¿ q
k+1
n (k =0; 1; : : : ; n− 1): (4.3)
Proof. We carry out the proof by induction.
When k = n− 1, inequality (4.3) is immediate from relations (2.1) and (4.2).
Now, let formula (4.3) be true for all natural numbers k + 1 not exceeding n, we will show that
inequality (4.3) is true for the natural number k.
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In the proof of Theorem 2, it was shown that
qkn¿
(
‖bk+1‖
√
qk+1n − |ak+1|
√
qk+2n
)2
:
On the basis of relation (4.2) and by the induction hypothesis, we get√
qkn¿ ‖bk+1‖
√
qk+1n − |ak+1|
√
qk+2n ; (4.4)√
qkn −
√
qk+1n ¿ |ak+1|
(√
qk+1n −
√
qk+2n
)
¿ · · ·
¿ |ak+1‖ak+2| · · · |an−1|
(√
qn−1n −
√
qnn
)
¿ |ak+1‖ak+2| · · · |an−1| (‖bn‖ − 1)¿ 0;
which completes the proof.
Theorem 6. If the inequalities (4.2) hold true; then the vector valued continued fraction (1.1)
converges and its absolute value does not exceed
4|a0|
3
+ ‖b0‖:
Proof. First, it is easy to prove
qkn¿ ‖bk+1‖qk+1n (k =0; 1; : : : ; n− 1): (4.5)
Indeed, from relation (4.4) and Lemma 2, we have√
qkn¿ ‖bk+1‖
√
qk+1n − |ak+1|
√
qk+2n ¿ (‖bk+1‖ − |ak+1|)
√
qk+1n
= (
√
‖bk+1‖ −
√
|ak+1|)(
√
‖bk+1‖+
√
|ak+1|)
√
qk+1n (4.6)
or using (4.2)√
qkn¿
√
‖bk+1‖
√
qk+1n :
From (4.6), we get√
qkn¿
(√
‖bk+1‖+
√
|ak+1|
)√
qk+1n
¿ 2(|ak+1‖|bk+1‖)1=4
√
qk+1n ¿ 2
√
|ak+1|
√
qk+1n
and thus
qkn¿ 4|ak+1|qk+1n : (4.7)
And so, from inequalities (4.5) and (4.7), we Knd
q0n¿ 4
k−1
k−1∏
i=1
|ai|qkn‖bk‖;
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which gives us the inequality∏k−1
i=0 |ai|qkn‖bk‖
q0n
6
|a0|
4k−1
: (4.8)
Obviously, using Theorem 5, the convergence of the vector valued continued fraction (1.1) is equiv-
alent to the convergence of the vector series
Rn=
n∑
k=0
Akn; (4.9)
where Akn (06 k6 n) are the same notation as that in Theorem 5.
Let us consider the vector series of the moduli, and on the basis of inequality (4.8), we have
n∑
k=0
‖Akn‖= ‖b0‖+
n∑
k=1
∏k−1
i=0 |ai|qkn‖bk‖
q0n
6 ‖b0‖+
n∑
k=1
|a0|
4k−1
(n=1; 2; : : :) (4.10)
but the series
∑n
k=1
|a0|
4k−1 converges, hence, by virtue of the comparison test, vector series (4.9) also
converges (and converges absolutely), that is to say there exists Q such that
lim
n→∞Rn= limn→∞
p0n
q0n
= Q:
Besides, taking into account inequality (4.10), we obtain
|Q|6 4|a0|
3
+ ‖b0‖:
In a similar manner, we can prove the following conclusion.
Theorem 7. If the inequalities
a+ 16
√
‖bi‖ (i=0; 1; 2; : : :); where a¿
√
2− 1
hold true; then the vector valued continued fraction (1.4) converges.
By means of Theorem 7; we have the following conclusion.
Corollary 3 (Zhu and Gu [2]). If the inequalities
‖bi‖¿ 2 (i=0; 1; 2; : : :)
hold true; then the vector valued continued fraction
b0 +
∞∑
i=1
1|
|bn
converges.
Theorem 8. If ak ∈R; bk ∈Rm and all the elements of the vector bk and ak (k =0; 1; 2; : : :) are
positive; and the inequalities
‖bk‖¿ ak ‖bk‖¿d; where d¿ 0 (4.11)
hold true; then the vector valued continued fraction (1:1) converges.
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Proof. Using the same notation as that in Theorem 6, since all the elements of the vector bk and
ak (k =0; 1; 2; : : :) are positive, we deduce from relation (2.2), that all the elements of the vector
pkn (k =0; 1; 2; : : :) are positive, therefore, it follows that
Re(akpknbk)¿ 0:
Hence, on the basis of relation (2.3), we get√
qkn¿ ‖bk+1‖
√
qk+1n (4.12)
and
qkn¿ ‖bk+1‖2qk+1n + |ak+1|2qk+2n : (4.13)
Furthermore, taking into account inequalities (4.11)–(4.13), we have
qkn¿ |ak+1|2(‖bk+2‖2 + 1)qk+2n ¿ |ak+1|2(d2 + 1)qk+2n
or √
qkn¿ |ak+1|
√
d2 + 1
√
qk+2n : (4.14)
From the inequality (4.14), we obtain√
q0n¿ |a1|
√
d2 + 1
√
q2n¿ |a1a3|(
√
d2 + 1)2
√
q4n¿ · · ·
¿
k∏
i=1
|a2i−1|(
√
d2 + 1)k
√
q2kn (4.15)
and from inequalities (4.12) and (4.14), we get√
q0n¿ ‖b1‖
√
q1n¿ ‖b1‖|a2|(
√
d2 + 1)
√
q3n¿ · · ·
¿ ‖b1‖
k−1∏
i=1
|a2i|(
√
d2 + 1)k−1‖b2k‖
√
q2kn : (4.16)
From (4.15) and (4.16), we deduce
q0n¿ ‖b1‖
2k−1∏
i=1
|ai|(
√
d2 + 1)2k−1‖b2k‖q2kn (16 2k6 n): (4.17)
Using a similar argument, we obtain
q0n¿ ‖b1‖
2k−2∏
i=1
|ai|(
√
d2 + 1)2k−2‖b2k−1‖q2k−1n (16 2k − 16 n): (4.18)
Combining inequalities (4.17) and (4.18), we get
q0n¿ ‖b1‖
k−1∏
i=1
|ai|(
√
d2 + 1)k−1‖bk‖qkn:
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Thus, noting that ‖bk‖¿d (k =0; 1; 2; : : :), we have∏k−1
i=0 |ai‖|bk‖qkn
q0n
6
|a0|
d(
√
d2 + 1)k−1
: (4.19)
Hence, in a similar manner as in Theorem 6, we can prove that series (4.9) converges absolutely,
that is to say there exists Q such that
lim
n→∞Rn= limn→∞
p0n
q0n
= Q:
Besides, taking into account inequality (4.19), we obtain
|Q|6 (1 +
√
d2 + 1)(
√
d2 + 1)
d3
|a0|+ ‖b0‖:
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